
4. Relations and Digraphs 



Representing Relations Using Digraphs 

•Example: Display the digraph with V = {a, b, c, d},  

E = {(a, b), (a, d), (b, b), (b, d), (c, a), (c, b), (d, b)}. 

a 
b 

c d 

An edge of the form (b, b) is called a loop. 



4.4 Properties of Relations 

 



Reflexive Property of a Relation 

Definition: 

A relation R on a set A is called reflexive 

if (a, a)  R for every element a  A. 



R1 = {(1, 1), (1, 2), (2, 1), (2, 2), (3, 4), (4, 1), (4, 

4)} 

Not reflexive because 3  A but (3,3)  R1 

  R2 = {(1, 1), (1, 2), (2, 1)} 

Not reflexive because, say, 4  A but (4, 4)  

R2 

 

 R3 = {(1, 1), (1, 2), (1, 4), (2, 1), (2, 2), (3, 3),  

  (4, 1), (4, 4)} 

 Reflexive 

Example 4.6-1  Consider the following relations 

on A={1,2,3,4}. Which of these relations are 

reflexive? 



R4 = {(2, 1), (3, 1), (3, 2), (4, 1), (4, 2), (4, 3)} 

   Not reflexive - (1, 1) ? 

R5 = {(1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 3),           

 (2, 4),(3, 3), (3, 4), (4, 4)} 

   Reflexive   -   Why ? 

R6 = {(3, 4)} 

   Not Reflexive - Why ? 



Examples 1- c 

 



Symmetric Property of a Relation 

A relation R on a set A is called symmetric if 

for all a, b  A, (a, b)  R implies (b, a)  R . 

Definitions: 

A relation R on a set A is called antisymmetric if for 

all a, b  A,  

(a, b)  R  and (b, a)  R  implies a = b. 



R1 = {(1, 1), (1, 2), (2, 1), (2, 2), (3, 4), (4, 1), (4, 4)} 

 Not symmetric - (3, 4) but there is no (4, 3) 

 Not antisymmetric - (1, 2) & (2, 1)  but 12 

R2 = {(1, 1), (1, 2), (2, 1)} 

 Symmetric 

 Not antisymmetric - (1, 2) & (2, 1) but 12 

R3 = {(1, 1), (1, 2), (1, 4), (2, 1), (2, 2), (3, 3), (4, 1), (4, 4)} 

 Symmetric 

 Not antisymmetric - (1, 4) & (4, 1) but 14 

Example 4.6-2  Which of the relations are 

symmetric and which are antisymmetric? 



R4 = {(2, 1), (3, 1), (3, 2), (4, 1), (4, 2), (4, 3)} 

 Not symmetric - (2, 1) but no (1, 2) 

 Antisymmetric 

R5 = { (1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 3), (2, 4), 

 (3, 3), (3, 4), (4, 4) } 

 Not symmetric - (1, 3) but no (3, 1) 

 Antisymmetric  

R6 = {(3, 4)} 

 Not symmetric - (3, 4) but no (4, 3) 

 Antisymmetric   

 



Examples 4 

 



Transitive Property of a Relation 

Definition: 

A relation R on a set A is called transitive if 
whenever (a, b)  R and (b, c)  R then 

(a, c)  R,  for  a, b, c  A. 

 
Example : Which of the following relations are 

transitive? 

R1 = {(1, 1), (1, 2), (2, 1), (2, 2), (3, 4), (4, 1), (4, 4)} 

 Not transitive because 

 - (3, 4) & (4, 1)  R1 but (3, 1)  R1 

 



R2 = {(1, 1), (1, 2), (2, 1)} 

  Not transitive because 

   - (2, 1) & (1, 2)  R2 but (2, 2)  R2 

R3 = {(1, 1), (1, 2), (1, 4), (2, 1), (2, 2), (3, 3), (4, 1), (4, 4)} 

  Not transitive  

  - (4, 1) & (1, 2)  R3 but (4, 2)  R3 

R4 = {(2, 1), (3, 1), (3, 2), (4, 1), (4, 2), (4, 3)} 

  Transitive 

R5 = {(1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 3), (2, 4), (3, 3), 

          (3, 4), (4, 4)} 

  Transitive 
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4.5 Equivalence Relations 

 



Equivalence Relations  

•Equivalence relations are used to relate objects that 

are similar in some way. 
 

•Definition: A relation on a set A is called an 

equivalence relation if it is reflexive, symmetric, and 

transitive. 
 

•Two elements that are related by an equivalence 

relation R are called equivalent. 



Equivalence Relations  

•Since R is symmetric, a is equivalent to b whenever 

b is equivalent to a. 
 

•Since R is reflexive, every element is equivalent to 

itself. 
 

•Since R is transitive, if a and b are equivalent and b 

and c are equivalent, then a and c are equivalent. 

 

•Obviously, these three properties are necessary for a 

reasonable definition of equivalence. 



Section 4.5: Examples 2 

 
 



4.7 Operations on Relations 

 



Combining Relations 

•Relations are sets, and therefore, we can apply the 

usual set operations to them. 
 

•If we have two relations R1 and R2, and both of them 

are from a set A to a set B, then we can combine them 

to R1  R2, R1  R2, or R1 – R2. 
 

•In each case, the result will be another relation from 

A to B. 



Example 

Let R1 = {(1, 1), (2, 2), (3, 3)} and  

 R2 = {(1, 1), (1, 2), (1, 3), (1,4)} 

then : 

R1  R2 =  {(1, 1), (1, 2), (1, 3), (1,4), (2, 2), (3, 

3)} 

R1  R2 =  {(1, 1)} 

R1 \ R2  =  {(2, 2), (3, 3)} 

R2 \ R1 =  {(1, 2), (1, 3), (1,4)} 



Example 1 
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