
4. Relations and Digraphs



Product Sets

• An ordered pair (a,b) is a listing of the objects a and 
b in a prescribed order.

• If A and B are two nonempty sets, the product set
or Cartesian product AB is the set of all ordered 
pairs (a,b) with aA, bB.

Theorem 1. For any two finite, nonempty sets A and 
B, |AB|=|A||B|

• Cartesian product of the nonempty sets 
A1,A2,…,Am is the set of all ordered m-tuples 
(a1,a2,…,am) where aiAi, i=1,2, …,m. 

A1A2 … Am={(a1,a2,…,am) | aiAi, i=1,2, …,m}



Relations
• Let A and B be nonempty sets, a relation R from

A to B is a subset of AB. If (a,b)R, then a is 
related to b by R and aRb.

• If R  AA, R is a relation on A.

• The domain of R, Dom(R), is the set of elements 
in A that are related to some elements in B. 

• The range of R, Ran(R), is the set of elements in 
B that are related to some elements in A.

• R(x) is defined as the R-relative set of x, where 
xA, R(x)={yB | xRy }

• R(A1) is defined as the R-relative set of A1, 
where A1A, R(A1)={y B | xRy for some x in A1}



Relations

Theorem 1. Let R be a relation from A to B, 

and let A1 and A2 be subsets of A. Then 

(a) If A1A2, then R(A1)R(A2).

(b) R(A1A2)=R(A1)R(A2).

(c) R(A1A2)R(A1)R(A2). 

Theorem 2. Let R and S be relations form A 

to B. If R(a)=S(a) for all a in A, then 

R=S.



The Matrix of a Relation

If A and B are finites sets containing m
and n elements, respectively, and R is a 
relation from A to B, represent R by the 
mn matrix MR=[mij], where mij=1 if 
(ai,bj)R; mij=0 if (ai,bj)R.

MR is called the matrix of R.

• Conversely, given sets A and B with 
|A|=m and |B|=n, an mn matrix whose 
entries are zeros and ones determines 
a relation: (ai,bj)R if and only if mij=1. 



The Digraph of a Relation
• Draw circles called vertices for elements of A, and 

draw arrows called edges from vertex ai to vertex aj if 
and only if aiRaj.

• The pictorial representation of R is called a directed 
graph or digraph of R. 

• A collection of vertices and edges in a digraph 
determines a relation

• If R is a relation on A and aA, then the in-degree of 
a is the number of bA such that (b,a)R; the out-
degree of a is the number of bA such that (a,b)R, 
the out-degree of a is |R(a)|

• The sum of all in-degrees in a digraph equals the 
sum of all out-degrees.

• If R is a relation on A, and B is a subset of A, the
restriction of R to B is R(BB).



4.1Product sets and partitions



Relations on a Set

•Definition: A relation on the set A is a relation from A 

to A.

•In other words, a relation on the set A is a subset of 

AA.

•Example: Let A = {1, 2, 3, 4}. Which ordered pairs 

are in the relation R = {(a, b) | a < b} ?



Relations on a Set

•Solution: R = {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)}
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Partitions
• A partition or quotient set of a nonempty 

set A is a collection P of nonempty subsets 
of A such that

– Each element of A belongs to one of the sets 
in P.

– If A1 and A2 are distinct elements of P, then 
A1A2=.

• The sets in P are called the blocks or cells
of the partition

• The members of a partition of a set A are 
subsets of A

• A partition is a subset of P(A), the power set 
of A

• Partitions can be considered as particular 
kinds of subsets of P(A)





4.2 Relations and diagraphs



Representing Relations Using Digraphs

•Example: Display the digraph with V = {a, b, c, d}, 

E = {(a, b), (a, d), (b, b), (b, d), (c, a), (c, b), (d, b)}.

a
b

cd

An edge of the form (b, b) is called a loop.

















4.3 Paths in Relations and 

diagraphs



Paths in Relations and Digraphs

• A path of length n in R from a to b is a finite sequence : 
a,x1,x2,…,xn-1,b such that aRx1, x1Rx2,…,xn-1Rb where xi

are elements of A

• A path that begins and ends at the same vertex is called a 
cycle

• the paths of length 1 can be identified with the ordered 
pairs (x,y) that belong to R

• xRny means that there is a path of length n from x to y in 
R; Rn(x) consists of all vertices that can be reached from x
by some path in R of length n

• xRy means that there is some path from x to y in R, the 
length will depend on x and y; R is sometimes called the 
connectivity relation for R

• R(x) consists of all vertices that can be reached from x by 
some path in R



Paths in Relations and Digraphs
• If |R| is large, MR can be used to compute R and R2

efficiently

Theorem1 If R is a relation on A={a1,a2,…,am}, then 

M = MRMR

Theorem2 For n2, and R a relation on a finite set A, we have

M =MRMR…MR (n factors)

• The reachability relation R* of a relation R on a set A that 
has n elements is defined as follows: xR*y means that x=y
or xRy

• Let 1: a,x1,x2,…,xn-1,b be a path in a relation R of length n 
from a to b, and let 2: b,y1,y2,…,ym-1,c be a path in R of 
length m from b to c, then the composition of 1 and 2 is 
the path of length n+m from a to c, which is denoted by 
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