2.2

Conditional Statements



Special Characteristics of Conditional Statements
for a Truth Table

Teacher:
“If you participate in class, then you will get extra points."

When the antecedent is true and the consequent is true, p —
g IS true.

If you participate in class (true) and you get extra points (true)
then, The teacher's statement is true.

When the antecedent is true and the consequent is false, p
— q IS false.

If you participate in class (true) and you do not get extra points
(false), then,

The teacher’s statement is false.



Special Characteristics of Conditional Statements
for a Truth Table

“If you participate in class, then you will get extra points."

If the antecedent Is false, then p — q Is automatically

true. | you do not participate in class (false), the truth of the

teacher's statement cannot be judged.

The teacher did not state what would happen if you did NOT
participate in class. Therefore, the statement has to be “true”.

If you do not participate in class (false), then you get extra points.
If you do not participate in class (false), then you do not get extra
PoINtS.  The teacher's statement is true in both cases.



The Conditional

* If p, then g
* Symbols: p 2 g
* p is the antecedent, g is the consequent



Truth Table for The Conditional

If p, then g
P g pP—q
T T T
T F F
F T T
FF T

A tautology is a statement that is always true, no matter
what the truth values of the components are.



Examples:
Decide whether each statement is True or False

(T represents a true statement, F a false statement).

T—-@4<2) (8=1)—>F F— (3#£9)
T —F F—F F—T
F T T



Converse, Inverse, and Contrapositive

Conditional -
Statement P—4 P, then g
Converse qg—p If g, then p
Inverse N If not p, then
P not g
Contrapositiv ~q — ~p If not g, then
e not p




Truth Table for Conditional

Ul
m| 4|7

- | 4|7




Useful results for the Conditional

pP2>9="pvVvgq

“P>q)=pA~q



Related Conditional Statements

D— 0 If p, then g

q—p If g, then p

~p — ~(Q| Ifnotp, then not g

~J — ~p| Ifnotq, then notp




Equivalences

Direct statement and contrapositive are equivalent:

pP=2q9g="q=>"p

Converse and Inverse are equivalent:

q2>p="p>"q



Common wording for p - g

If p, then g p Is sufficient for g
If p, Q g IS necessary for p
p iImplies q All p's are g’s

ponlyifq

qitp




Examples

Example T Form the implication p = ¢q for each of the following.

(a) p:Iam hungry. g: I will eat.
(b) p: It is snowing. . q:34+5=28.
Solution

(a) IfIam hungry, then I will eat.
(b) If itis snowing, then 3 + 5 = 8.



Example 2 Give the converse and the contrapositive of the implication “If it is raining, Lhenig
get wet.”

Solution
We h . Tt is raining; and g: T get wet. The converse is ¢ ;:}ﬂfw];ft I ﬂg}::l T; E
ﬂlzn ;V_; Ez;inmg Thﬁ contrapositive is ~q = ~P: [fIdonotg

not raining.



gxample 3 Is the following equivalence a true statement? 3 > 2 if and only if 0 < 3 - 2

Solution
Let p be the statement 3 > 2 and let ¢ be the statement 0 < 3 — 2. Since both p
¢

and ¢ are true, we conclude that p < ¢ is true.



Example 4 Compute the truth table of the statement (p = q) & (~g = ~p).

Solution
The following table is constructed using steps 1, 2, and 3 as given in Section 2.1.
The numbers below the columns show the order in which they were constructed.

‘P oalp=qlva|~p|~a=>~p| (P=q) & (~g=~p)
T Tl 0 F | F T T
T F| F T [*F F A T
) F T T F | T T T
F F| T T b7 el < w o R,

(1) 2) O (4) (5) ¢

A statement that is true for all possible values of its propositional variables is
called a tautology. A statement that is always false is called a contradiction or an
absurdity, and a statement that can be either true or false, depending on the truth

values of its propositional variables, is called a contingency.



2.4

Mathematical Induction



Mathematical induction i1s a form of mathematical
proof.

Just because a rule, pattern, or formula seems to
work for several values of n, you cannot simply
decide that it is valid for all values of n without
going through a legitimate proof.

The Principle of Mathematical Induction

Let P, Dbe a statement involving the positive

Integer n. If

1. Py istrue, and

2. the truth of P, implies the truth of P, ., , for
every positive integer kK,

then P, must be true for all integers n.




What is induction?

* A method of proof
* It does not generate answers: it only can prove them

* Three parts:
* Base case(s): show it is true for one element
* Inductive hypothesis: assume it is true for any given element
* Must be clearly labeled!!!
* Show that if it true for the next highest element



Induction example

* Show that the sum of the first n odd integers is n?
e Example: If n =5, 1+3+5+74+9 = 25 = 52
* Formally, Show

vn P(n) where P(n) = n 2i—1==n°
e Base case: Show that P(1) is true (n) (n) ,Zzll

P@D) = iZ(i)—lzzlz
— 11



Induction example, continued

* Inductive hypothesis: assume true for k
e Thus, we assume that P(k) is true, or that

D
2i —1==[k
=1
* Note: we don’t yet know if this is true or not!

* Inductive step: show true for k+1
* We want to show that:

2i —1=={(k +1)
=1



Induction example, continued

* Recall the inductive hypothesis: ZkZZi g2
=1

* Proof of inductive step:

k+1

> 2i-1
i=1

k
2(k+1) 14> 2i-1
=1

— (k+1)?

—k?+2k +1

2(k +1) ;1: k2 + 2k +1

k?+2k +1==k*+2k +1



What did we show

e Base case: P(1)

* If P(k) was true, then P(k+1) is true
* i.e., P(k) > P(k+1)

 We know it’s true for P(1)

e Because of P(k) > P(k+1), if it’s true for P(1), then it’s true for P(2)
* Because of P(k) > P(k+1), if it’s true for P(2), then it’s true for P(3)
* Because of P(k) > P(k+1), if it’s true for P(3), then it’s true for P(4)
e Because of P(k) > P(k+1), if it’s true for P(4), then it’s true for P(5)
* And onwards to infinity

* Thus, it is true for all possible values of n

* |n other words, we showed that:

[P() A VK(P(k) = P(k +1))| = ¥nP(n)



Ex. Use mathematical induction to prove the following
formula.

S,=1+3+5+7+:---+(2n-1)=n?

First, we must show that the formula works for n = 1.

1. Forn=1
S, =1=12
The second part of mathematical induction has two
steps. The first step is to assume that the formula is
valid for some integer k. The second step is to use this

assumption to prove that the formula is valid for the
next integer, k + 1.

2. AssumeS, =1+3+5+7+ -+ (2k-1) =k?
Is true, show that S, = (k + 1)° s true.



S =1+3+5+7+ -+ (2k-1)+[2(k+ 1) —1]
=[1+3+5+7+ +2k-1)]+(2k+2-1)

=S, + (2k + 1)

=k?2+2k+1

= (k + 1)?



Ex. Use mathematical induction to prove the following formula.

Sn:12+22+32+42+...+n2: r(n+‘|X2n+‘|)
1. Show n =1 s true. 6

n

s-r- 12N3)
o
2. Assume that S, is true.

S, = 12422+ 32+ 42+ -4+ K2 = k(k+1X2k+1)
6

(k+ 1Xk+ 2X2k+ 3) IS true.
6

Show that S, =




S, =(12+22+32+42+ - +k2) + (k + 1)?

_ Kk+T)(2k+7) | o0y
o
_ k(k'l' 1X2k+ 1)+ Qk.k 1)2 Factor outa (k + 1)
i 6
_ (ke 1] ke(@ke+ 1)+ 6K+ 1))
i 6

(k+1)2K2 + 7k+ 6] _ (k+ 1)K+ 2)2k+ 3)

° S




Sums of Powers of Integers

= 10 n(n+ 1X2n+ 1)
-

] @10+ 1)2010+1)
6

= 385



Examples

Example 1  Show, by mathematical induction, that for all n > |

1+2+3+,__+ﬂ:rl(n+1).
2

Solution
Let P(n) be the predicate 1 4+-2+4-3+4---+n = n(n; D . In this example, ng = 1.
Basis Step
We must first show that P(1) is true. P(1) is the statement
1(1+4+1)

—

2 1

which is clearly true.



Induction Step ‘

We must now show that for k& > 1, if P(k) is true, then P(k 4+ 1) must

also b :
We assume that for some fixed k > 1, Wy,

k(k + 1
l+2+3+---+k=——(2 L. al

We now wish to show the truth of P(k + 1):

k+1)((k+1)+ 1)

1+2434 -+ k+1)= 3

The left-hand side of P(k + 1) canbe writtenas 1 +2 43+ -+ k+ (k4 )ay
we have

A4+24+3+---+)+k+1)

_k(k+1)

3 +(k+1) using (1) toreplace 1 +2 4 ---+k

= (k+ 1) [g + l] factoring

k + 1)k +2)
= 2




_ G+ 1)((k+1)+1) | ,
® > the right-hand side of P(k + 1)

Thus, we have shown the left-hand side of P(k + 1) equals the right-hand side ¢

P(k + 1). By the principle of mathematical induction, it follows that P(n) is tn
foralln > 1. ¢



that for all n > 1, P(n) is true.

o~

Basis Step
P(1) is the statement A} =Ay,

which is obviously true.



Induction Step

We use P(k) to show P(k +1). The left-hand side of P(k + 1) is

A+1
(. Aj)=A|UA2U"'UAkUAk+|

e

i=]|

Il

=(AUA, U---UA‘)UA“. associativepropenyofu

(AlUA,U-T0A)n Ak+1 by De Morgan's law for two sets

I

= ﬂA_,) N Agyg using P(k)

— i right-hand side of P(k + 1)

Thus, the implication P(k) = P(k + 1) is a tautology, and by the principle cﬁ
matht’:matical induction P(n) is true forall n > 1.



