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1. Introduction:
The parameter estimation for Markov random fields is playing an important role
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in image analysis and this role will become even more important in the future.

      Much research has been conducted on the asymptotic property of the maximum pseudo-likelihood estimator for Markov random fields ([6], [10], [12]).

      Guyon and Künsch [10] studied the asymptotic property of the maximum pseudo-likelihood estimator for Ising model in the stationary and ergodic case. The key of the proof is similar to that in Bolthausen [3].

      Moreover, many authors studied central limit theorems for random fields on a lattice. The central limit theorem (CLT) for random fields can be considered as a special case of the CLT for dependent random variables. Sajjan [13] proved the CLT for strictly stationary 
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 dependent process defined on a two dimensional lattice under the assumption that the autocovariance function is not equal to zero. The CLT was studied by Janzŭra and Lachout [12] for the stationary and ergodic random fields which have a bounded fourth moment. Comets and Janzŭra [6] established the CLT for sums of conditionally centered fields under a moment condition and strict positivity of the empirical variance per observation. The proof is based on the Stein’s result (Stein [14]). An application is the asymptotic normality of the maximum pseudo likelihood estimator. Janzŭra and Lachout [12] proved the CLT for stationary random fields; they proved the asymptotic normality of the maximum pseudo-likelihood estimator for Gibbs random fields, they also established the CLT for ergodic and stationary Markov random fields which have a bounded 
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th moment. Bolthausen showed the asymptotic normality of a stationary random field, under a bounded 
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      For non-homogeneous random fields the authors replace the ergodicity condition by certain mixing conditions. Takahata [15] proved a CLT for random fields as a special case of dependent random variables which satisfy the strong mixing condition.

      In this paper, we prove that the maximum pseudo-likelihood estimators for stationary Markov random fields on 
[image: image4.wmf]2

Z

 are asymptotically normal. To obtain the asymptotic normality of these estimators, a new technique of martingale approximation for the random fields is adopted. This technique replaced the traditional assumption of ergodicity of the random field by moment conditions of the potentials, which is easy to check.

      The interesting point of our work is that the ergodicity of Markov random fields is not required, and it gives a new method of construction of a martingale for Markov random fields.

This paper is organized as follows.

      Section 2 contains Gibbs and Markov random fields. Martingales with respect to increasing subsets are given in section 3. Section 4 includes the main results. Section 5 presents an example. Section 6 gives simulations results, whereas the final section offers the conclusions.

2. Gibbs random fields:
      Let 
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. We also introduce the system 
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 of all finite subsets of the integer lattice. Consider a stationary random field 
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 with a probability measure 
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      which is of finite range
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      Let 
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Assume without loss of generality that 
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 is discrete. 
      We consider for all 
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      We say that a random field 
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Thus the equation (2) can be written as
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      where, 
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3. Martingales with respect to increasing subsets:
      Let 
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4. Main results:
      Let 
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The following pseudo-likelihood function:
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      can be associated with the observation 
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The associated estimators of 
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      We assume that the model 
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      The main subject of this paper is the asymptotic behavior of the maximum pseudo-likelihood estimator 
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We introduce the following notations:
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Theorem 4.1 Suppose that the assumptions (H1) and (H2) are satisfied. Then we have under 
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For the proof, we need the following lemmas.

Lemma 4.1 We assume that for each 
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(See the proposition (0.3.11) in Dacunha–Castelle and Duflo [7]).

Lemma 4.3 Let 
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Lemma 4.4 (Law of large numbers) Let 
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Proof of lemma 4.4: Using the stationarity of the random field and the uncorrelated property, we have
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So by Chebyshev’s inequality, we have
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Lemma 4.5 Assume that the hypothesis (H1) and (H2) are satisfied, then

(i) 
[image: image196.wmf])

(

var

1

lim

0

0

q

q

m

D

i

i

n

n

V

Y

d

n

=

÷

÷

ø

ö

ç

ç

è

æ

å

Î

¥

®

.

(ii) 
[image: image197.wmf](

)

)

(

,

0

1

0

q

m

D

D

i

i

n

V

N

Y

d

n

®

å

Î

,

where


[image: image198.wmf](

)

å

<

£

+

+

=

m

s

s

m

Y

E

Y

E

V

 

 

 

 

1

2

1

2

1

0

)

(

2

)

(

0

0

q

q

q

.                (10)

Proof of lemma 4.5: (i) It follows from the stationarity of 
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 is asymptotically normal by the technique of martingale approximation.

      A martingale can be constructed by using two essential properties which are the uncorrelated property of the random field (9) and the fact that the random field is Markovian (3).
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Applying lemma 4.3, we have
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      It follows from the stationarity of the random field and the uncorrelated property that
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Similarly we can proceed in the same manner as (14) to show that:
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Finally, we have
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So by Chebyshev’s inequality the condition (11) is satisfied.
The proof of the lemma 4.5 is completed.

Thus, an application of Cramér-Wold device gives
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2. Second step:
We will determine the covariance matrix 
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According to the stationarity and the uncorrelated property (9),
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We set
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3. Third step:
We will establish the convergence in probability
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      An application of lemma 4.4 to 
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Proof of theorem 4.1 The remainder 
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has a bounded first moment.

In addition, the sequence 
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An application of lemma 4.2 gives the convergence
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4.1 Remark:
      We only comment on our assumptions. (i) Under (H1) the martingale 
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5. Example:
      Consider a Markov random field 
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The assumptions (H1) and (H2) are satisfied so we have
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Since the elements of 
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The covariance matrix is 
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Finally, if 
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6. Simulation results:
In this section, we present some simulation results to verify theorem 4.1. A Bernoulli model has been chosen, which has the conditional distribution:
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      We start by preliminary value 
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      For each realization we calculate the estimator 
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 by the maximum pseudo-likelihood method, we then calculate the mean and the covariance matrix of the parameter during the 1000 results. We now give the means and the covariance matrices of the parameters from the 
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      We notice that the mean value of 
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 is near to the true value and that the variance is minimal.

      The histograms associated with the various values of the parameters obtained after 
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 simulations are well represented by the Gaussian.
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(2) True parameters 
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(3) True parameters 
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7. Conclusions:
      An asymptotic property of the maximum pseudo-likelihood estimator for stationary Markov random fields on 
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, is presented in this paper.

      A new technique of martingale approximation for stationary Markov random fields is adopted.

      The interesting point of this technique is that, the ergodicity of the random fields is not required.

      Finally, if the random field is partially observed, the parameter of the random field will be estimated, as well as the unknown part of the random field.

      The proposed method can be extended for random fields on 
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ملخص


      سندرس في هذا البحث الخاصة التقريبية لمقدرات وسطاء حقول (ماركوف) المستقرة المعرفة على � EMBED Equation.3  ��� بطريقة الإمكانيات العظمى المزيفة الشرطية.


      ومن أجل البرهان على الخاصة التقريبية سنستخدم طريقة جديدة للتقريب بواسطة (مارتنغال) من أجل الحقول العشوائية.


      إن طريقة التقريب بواسطة (مارتنغال) تسمح لنا بالاستعاضة عن الشرط الكلاسيكي: بأن الحقل (إرغوديغ) بشروط أخرى تتعلق بالعزم الابتدائي لطاقة الحقل.


      وأخيرا" نعرض نتائج الـ simulation التي حصلنا باستخدام خوارزمية معايرة جيبس من أجل نموذج (برنولي)، وقدرنا الوسطاء باستخدام طريقة الإمكانيات العظمى المزيفة الشرطية، كماحددنا مصفوفة التشتت التقريبية لهذه المقدرات.


      إن أهمية البحث تأتي من عدم الاعتماد على الفرض: بأن الحقل (ارغوديغ) وهو يعطي طريقة جديدة في بناء (مارتنغال) من أجل حقول (ماركوف) العشوائية.


Abstract


      In this paper an asymptotic property of the maximum pseudo-likelihood estimator for stationary Markov random fields on �EMBED Equation.3��� under moment conditions of the potentials is proved. A new technique of martingale approximation for stationary Markov random fields is adopted. Simulation results are presented in order to illustrate the theoretical results.


Classification MSC: 62M40, 60G60, 62F12, 60G42, 60G48.


Keywords: Asymptotic normality, Markov random fields, Gibbs distribution, Maximum pseudo-likelihood estimator, Martingale approximation.








Figure 1: The histogram of � EMBED Equation.3  ��� for the model which has the true parameter � EMBED Equation.3  ���.





Figure 2: The histogram of � EMBED Equation.3  ��� for the model which has the true parameter � EMBED Equation.3  ���.








Figure 4: The histogram of � EMBED Equation.3  ��� for the model which has the true parameter � EMBED Equation.3  ���.








Figure 3: The histogram of � EMBED Equation.3  ��� for the model which has the true parameter � EMBED Equation.3  ���.








Figure 6: The histogram of � EMBED Equation.3  ��� for the model which has the true parameter � EMBED Equation.3  ���.








Figure 5: The histogram of � EMBED Equation.3  ��� for the model which has the true parameter � EMBED Equation.3  ���.
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