Some Inequalities Involving π ...…....……...….………..Laith Azar & Ahmad Bataineh

Some Inequalities Involving π and an Application to an Inequality Similar to Hilbert's Inequality
Received: 30/10/2004                       Accepted: 18/7/2005
Laith Emil Azar*     &     Ahmad Bataineh**

1.  Introduction: 
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      where the constant factor 
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 is the best possible outcome. This inequality is important in analysis and its applications.

For p=q=2 the last inequality  is reduced to the following Hilbert’s inequality 
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      As it is well known, the constant factor π  in (1.1) is the best possible outcome, i.e., π  cannot be decreased anymore. But inequality (1.1) may be strengthened as (see [4])
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For other strengthened versions of (1.1) see [1], and [3-5].

      Recently B. Yang [6] built a new inequality similar to (1.1), which relates to the double series form as:


[image: image14.wmf]emn

b

a

nn

m

b

a

n

m

n

m

n

m

n

m

ln

1

1

ln

1

1

1

1

å

å

å

å

¥

=

¥

=

¥

=

¥

=

=

+

+

.

He proved that if 
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             (1.2)

and gave the equivalent form of (1.2) as:
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      where the constants π and π2 are the best possible outcome in (1.2) and (1.3) respectively.

      In this paper, we prove some inequalities involving π using the weight coefficient: 
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As an application, strengthened versions of (1.2) and (1.3) are proved.

2.  Some Lemmas:
If 
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By (2.1), for 
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              (2.2)

Using (1.4) and (2.2), we have
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It is obvious that
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By Taylor’s formula, we find
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Finally, we have
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Substituting the above results in (2.3), we obtain the following:

Lemma 2.1  For 
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where 
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Lemma 2.2. For 
[image: image74.wmf]10

³

n

, the following inequalities hold:


[image: image75.wmf]2

2

3

)

(ln

2

1

)

(ln

12

7

ln

2

ln

8

11

n

n

n

n

+

+

-

p

 > 
[image: image76.wmf](

)

3

ln

5

6

+

n


                        (2.5)


[image: image77.wmf]2

2

3

)

(ln

2

1

)

(ln

12

7

ln

2

ln

2

3

n

n

n

n

+

+

-

p

  <  
[image: image78.wmf]1

ln

2

3

+

n

.
            (2.6)

Proof. For 
[image: image79.wmf]10

³

n

, we have


[image: image80.wmf](

)

ú

û

ù

ê

ë

é

-

+

=

ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

+

-

+

2

8

33

ln

1

8

11

)

(ln

5151

.

0

)

(ln

48

27

ln

2

ln

8

11

3

ln

2

2

3

p

p

n

n

n

n

n

n



[image: image81.wmf]2

2

3

)

(ln

5453

.

1

5151

.

0

16

27

)

(ln

1

2

3

48

27

ln

1

n

n

n

-

ú

û

ù

ê

ë

é

-

+

ú

û

ù

ê

ë

é

-

+

p


>
[image: image82.wmf][

]

[

]

5453

.

1

ln

17

.

1

)

(ln

1

15

.

4

ln

55

.

2

ln

16

.

0

ln

1

16

.

0

8

11

2

-

+

-

+

+

-

n

n

n

n

n


> 1.215 >  
[image: image83.wmf]5

6

.

So that (2.5) follows. Similarly for 
[image: image84.wmf]10

³

n

, we have


[image: image85.wmf](

)

ú

û

ù

ê

ë

é

-

+

=

ú

ú

ú

û

ù

ê

ê

ê

ë

é

+

+

-

+

2

2

3

ln

1

2

3

)

(ln

2

1

)

(ln

12

7

ln

2

ln

2

3

1

ln

2

2

3

p

p

n

n

n

n

n

n



[image: image86.wmf]2

2

3

)

(ln

2

1

12

7

2

1

)

(ln

1

2

12

7

ln

1

n

n

n

+

ú

û

ù

ê

ë

é

+

+

ú

û

ù

ê

ë

é

-

+

p


<  
[image: image87.wmf]ú

û

ù

ê

ë

é

-

-

ú

ú

û

ù

ê

ê

ë

é

-

+

-

12

13

ln

83

.

0

)

(ln

1

5

.

0

ln

15

.

0

)

(ln

07

.

0

)

(ln

1

2

3

2

3

2

3

2

n

n

n

n

n


< 
[image: image88.wmf]2

3

.

So that (2.6) follows. The lemma is proved.

3. Main Results: 

Theorem 3.1. For  
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Proof. In view of Lemma 2.1 and Lemma 2.2 the inequality (3.1) is true for n ≥ 10. For n=1, using (2.1), we get 
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By (2.2) we find 
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Thus we have 
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In the same way we find that 
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So that (3.1) holds for any  
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Proof. By Cauchy’s inequality, we have 
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By inequality (3.1) we get (3.3). 

Theorem 3.3. If  
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Proof. Since 
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 By (3.3) we have


[image: image110.wmf](

)

2

2

1

1

2

1

2

ln

1

0

ï

þ

ï

ý

ü

ï

î

ï

í

ì

ú

û

ù

ê

ë

é

=

þ

ý

ü

î

í

ì

<

å

å

å

=

=

=

k

m

m

k

n

k

n

n

emn

a

n

k

nb



[image: image111.wmf](

)

(

)

(

)

å

å

å

å

=

=

=

=

ú

û

ù

ê

ë

é

+

-

£

ú

û

ù

ê

ë

é

=

k

n

n

n

k

n

k

n

k

m

n

m

k

nb

a

nn

n

emn

k

b

a

1

2

2

1

2

1

1

.

3

1

5

6

ln

p

p

                (3.5)
Thus we find: 
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It follows that ( 
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Hence by (3.3), for 
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Inequality (3.4) is valid. 

Remark 3.4. Inequality (3.2) involves the constant π and it is similar to the following inequality 
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which was given by B. Yang and L. Debnath [4]. The inequalities (3.3) and (3.4) are strengthened versions of (1.2) and (1.3), respectively. 
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ملخص


      في هذا البحث نثبت بعض المتباينات التي تتضمن الثابت π. وكتطبيق نعطي نسخة مقوية لمتباينة شبيهة بمتباينة هلبرت، ونسخة مقوية لصيغتها المكافئة.


abstract


      In this paper we prove some inequalities involving the constant π. As an application we give a strengthened version of an inequality similar to Hilbert’s inequality and a  strengthened version of its equivalent form.
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