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Introduction:
      Let ([G] be the integral group ring of some group G. We will use the following notation:
u:denotes the group of units in ([G]. 
uf:denotes the subgroup of all f – unitary units in u.

      Z1 ( Z2 ( Z3 (... ( Zi (... denotes the central ascending series of u, and Z* denotes the hypercenter of u.

      In [ 3 ],Yuanlin Li has considered the statement Nu(uf ) = uf. Z1 which is similar to the normalizer property Nu(G) = G. Z1. This gave us the idea of a new formula of the normalizer property which we now define:
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Definition: 
      Let G be a group and H be a subgroup of u. We say that the H – normalizer property holds for G if the equality Nu(H) = H. Z1 holds.

Theorem 1.1:
      Let G be a group and H be a subgroup of u with G ( H.then the H – normalizer property holds for G if and only if Aut Nu (H) = Inn (H).
Proof:

      Suppose that the H – normalizer property holds for G. Then Nu(H) = H. Z1 For every φu in Aut Nu (H) we know that u is in Nu(H) therefore:
u = h. z1 where h ( H and z1( Z1.
So, for every x in H we have:

      φu (x) = u. x. u-1 = h. z1. x. z1-1. h-1 = h. x. h-1 = σ h (x). Thus φu = σ h ( Inn (H) and hence AutNu(H) ( Inn (H) which leads to AutNu(H) = Inn (H). Conversely, let AutNu(H) = Inn (H). We will prove that Nu(H) = H. Z1.

      For any u in AutNu(H), φu (x) = σ h (x) whenever x ( H and h ( H. This means that for every x in H we have:

u. x.u-1 = h. x. h-1. Therefore [ h-1. u, x ] = 1 for every x in H.

      But G ( H. So we can write [ h-1. u, x ] = 1 for every x in G, which means that h-1. u ( Z1. Therefore u = h. z1 ( H. Z1 and hence Nu(H) ( H. Z1 which leads to Nu(H) = H. Z1 (
Proposition 1.2:
For any finite group G, and any subgroup H of u with G ( H, we have 

H. Z1 = H. Zi ; i ( 1

Proof:

First we show that H. Z1 = H. Z2.

From [ 4 ], we know that Z2 = K. Z1 and K = G ( Z2 

Therefore H. Z2 = H. K. Z1 = H. Z1.
Now according to [ 1 ] we know that for every finite group G we have:
Z2 = Z3 =... which leads to H. Z2 = H. Z3 =... and completes the proof. ( 

Proposition 1.3:
      Let G be a finite group, and H be a subgroup of u with G ( H.Then Zi ( Nu(H) for i ( 1.
Proof:
Similar to the previous proof we first show that Z2 ( Nu(H).

According to [ 4 ], Z2 = K. Z1 and K = G ( Z2.

Therefore Z2 = K. Z1 ( H. Z1 ( Nu(H). 

By [ 1 ], for every finite group G we have Z2 = Z3 =... which leads to Zi ( Nu(H) for i ( 1. (
Corollary 1.4:
      Let G be a finite group, and H be a subgroup of u with G ( H. Then the H – normalizer property holds for G if and only if Nu(H) = H. Z*.

Proof:

      If the H – normalizer property holds for G, then Nu(H) = H. Z1 ( H. Z*. On the other hand, from (1.3 ) we find that H. Zi ( Nu(H) for i ( 1 implies H. Z* ( Nu(H) which means that Nu(H) = H. Z*.
      Conversely, if Nu(H) = H. Z*, then we can write u = h. z* for every u in Nu(H), where h ( H and z* ( Z*. Therefore we can find an index i ( 1 for which u ( H. Zi implies u ( H. Z1 ( by Proposition 1.2 ). This tells us that Nu(H) ( H. Z1 which leads to Nu(H) = H. Z1. (
Theorem 1. 5:
      Let G be a finite group, and H be a subgroup of u with G ( H.Then the H – normalizer property holds for G if and only if the following condition is satisfied:

( v ( Nu(H): ( u ( H: [ u-1. v, 
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¢

] ( Z* for every 
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¢

 in u.
Proof:
      According to the proof of 1. 4, for every element v in Nu(H) we can write v = u. z* 

      where u ( H and z* ( Z*. Therefore u-1. v = z* ( Z* implies u-1. v ( Zi for some i ( 1. This leads to [ u-1. v, 
[image: image3.wmf]u

¢

] ( Zi-1 for every 
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¢

 in u which means that [ u-1. v, 
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] ( Z* for every 
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¢

 in u. ( 

      Conversely, if the condition holds then for every element v in Nu(H) we can find an element u ( H for which [ u-1. v, 
[image: image7.wmf]u

¢

] ( Z* for every 
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¢

 in u. Therefore we can find an index i ( 1 for which [ u-1. v, 
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¢

] ( Zi for every 
[image: image10.wmf]u

¢

 in u. This implies that u-1. v ( Zi+1 ( Z* and hence v ( H. Z* and Nu(H) ( H. Z*. So Nu(H) = H. Z* and Corollary 1.4 completes the proof.
Corollary 1.6:
      Let G be a finite abelian or 2- hamiltonian group, and H be a subgroup of u with G ( H. Then the H – normalizer property holds for G.

Proof:

      Since G is a finite abelian or 2- hamiltonian group, we know from [ Ahmad, 1977] that u is nilpotent in this case. So there exists an index i ( 1 for which u = Zi.
      So for evry element v in Nu(H) and every element u in H it is true that u-1. v ( Zi and hence [ u-1. v, 
[image: image11.wmf]u

¢

] ( Zi = Z* and Theorem 1.5 completes the proof.
The uf – normalizer property: 
      Recalling the theorems and propositions of the previous section and taking H = uf, we can talk about uf – normalizer property, which was partially considered by Yuanlin Li in [ 3 ]. We obtain the following corollaries ( which are generalizations of Li's results ):
Corollary 2. 1:
Let G be a group. Then the uf – normalizer property holds for G if and only if Aut Nu (uf ) = Inn (uf )

Corollary 2. 2:

For any finite group G, we have uf. Z1 = uf. Zi for i ( 1 

Corollary 2. 3:
Let G be a finite group. Then Zi ( Nu(uf ) for i ( 1
Corollary 2. 4:
      Let G be a finite group. Then the uf – normalizer property holds for G if and only if Nu(uf ) = uf. Z*
Corollary 2. 5:
      Let G be a finite group. Then the uf – normalizer property holds for G if and only if the following condition is satisfied:
( v ( Nu(uf ): ( u ( uf ; [ u-1. v, 
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¢

] ( Z* for every 
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 in u.
Corollary 2. 6:
      Let G be a finite abelian or 2- hamiltonian group. Then the uf – normalizer property holds for G.
       (*) Yuanlin Li has given a necessary and sufficient condition for the uf – normalizer property to be hold and we are going now to generalize this condition.
Theorem 2.7:

      Let G be a finite group. Then the uf – normalizer property holds for G if and only if the following condition is satisfied:
( v ( Nu(uf ): ( z* ( Z* ; v. vf = ( z*. (z*)f.
Proof:

      If the uf – normalizer property holds for G, then: Nu(uf ) = uf. Z* = uf. Z1 (by Corollaries 2. 2 and 2. 3 ). So 

      ( v ( Nu(uf ): v = u1. z* = u. z1 where u1, u ( uf, z* ( Z* and z1 ( Z1. Hence, 
v. vf = u. z1. (u. z1 ) f = u. z1. ( z1) f. uf = z1. ( z1) f. u. uf = ( z1. (z1)f.........(1) 

      On the other hand, u1. z* = u. z1 implies z* = u1-1. u. z1 = 
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¢

. z1 and forces z*. ( z*) f = (
[image: image15.wmf]u

¢

. z1 ). (
[image: image16.wmf]u

¢

. z1 ) f = 
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f = z1. (z1)f. 
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. 
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f =

= ( z1. (z1)f...... (2) 

Comparing (1) and (2 ) we find v. vf = ( z*. ( z*) f as desired.

      Conversely, assume that ( v ( Nu(uf ) there exists an element z* ( Z* for which 

v. vf = ( z*. ( z*) f but ( by [ 2 ] ) v ( Nu(uf ) implies v. vf = z1 ( Z1 and hence z1 = ( z*. ( z*) f and ( z*) f = ( ( z*)-1. z1.
Next, let u = v. ( z*)-1. Then 

u. u f = v. ( z*)-1. [v. ( z*)-1] f = v. ( z*)-1. ( z*)- f. v f = v. v f. ( z*)-1. ( z*)- f =

= ( z*. ( z*) f. ( z*)-1. ( z*)- f = ( 1.
      Implies u ( uf therefore v = u. z* ( uf. Z* and augmentation arguments tell us that Nu(uf ) = uf. Z* and completes the proof.
References:
[1] Addraey. I, Thesis Of master Degree, Al - al-Bayt university 2003 - 2004.
[2] Ahmad. M. K, Ph. D. Thesis, University of provence, France, 1977.
[3] Li. Y, On The Normalizer of The Unitary Subgroup In An Integral group Rings, Communications In Algebra, 27 ( 9 ) 1999 p.p 4217-4223. 

[4] Li. Y, Sehgal. S. K, And Parmenter. M. M, On The Normalizer Property
 For Integral Group Rings, Communications in Algebra, 25 (10) 1997 
p.p 3267-3282.
ملخص


      نهدف في هذا البحث إلى إعطاء صيغة جديدة لخاصية الانتظام، أسميناها�H – خاصية الانتظام، حيث تطرقنا إلى حالة خاصة منها، وهي uf - خاصية الانتظام, التي درسها الباحث (Yuanlin Li) في بحثه [3] (دون أن يشير إليها بنفس الاسم), كما قمنا بتعميم بعض نتائجه وتوسيعها.


Abstract


      We divide this research into two parts: In the first one, we will give a new formula of the normalizer property which we called the H – normalizer property. The second part talks about the uf – normalizer property, as a special case of the H – normalizer property, which is considered by Yuanlin Li in [3]. Our most important result is theorem 2. 7 which gives a necessary and sufficient condition for which the finite group G satisfies the uf – normalizer property.
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